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OTrb6opoynasa ommmmaaa. Permenns

1.

st mioboro peiicteurenbroro 0 <z < 1 u HaTYyPaJIbHOI'O 711 JTOKaXKUTe HepaBeH-
CTBO:
(I+2)" <14 (2" —1)z.

Pewenue. Packpoem ckoOku B Beiparkenun (1 + 2)™, He IPUBOISA MOIOOHbIE CJIa-
raembie. MbI moryauM 2™ cjaraeMbIx, OJIHO U3 KOTOPBIX PaBHO 1, a OCTaJIbHbLIE
umeror Bug 2%, e k > 1. Ho u3 orpanudenuii na x ciaemyer, uto ¥ < x, mosromy
Kaxkjioe u3 ocrapmuxcs 2" — 1 cjaraeMbpix He MPEBOCXOJINT T, a O0Iasi CyMMa He
npesocxomut 1+ (2" — 1)x.

Haiinure nHanMenbinee HaTypasbHoe N, JJisi KOTOPOrO BEPHO CJEIYIOIIEE YTBEDP-
KJIEHUE:

<111 KaxKI0ro KOHEYHOro HabOpa TOYEK Ha IIJIOCKOCTH, U3 TOrO0, UTO Jitobbie N
TO4YEK ITOro Habopa JexKaT He Oojiee YeM Ha JBYX MPSAMBIX, CJIEIYET, 9TO U BCE
TOYKHU ITOro nHabopa JjiexkaT He Hojee YeM Ha JABYX MPAMBIX.»

Omeem. N = 6.

Pewenue. IIpuMep, B KOTOPOM BCE TOYKH HeJIb3sI HAKPBLITH JIBYMsI IIPSIMBIMHE, HO,
[pK 9TOM, JIIOObIe He GoJiee, YeM 5 TOYEK MOXKHO HAKDPBITH JBYMsl IPAMBIMA (IIPO-
BepsIeTCs HEIIOCPEICTBEHHO).

ITycts N > 6. Torna nakpoem Kakue-ro N Touex HaGopa apyMms npambiMu®. Ha og-
HOI1 U3 IIPSIMBIX OKAYKeTCs, 10 KpaiiHeil Mepe, Tpu To4YkH, Ha3oeéM ux A, B, C. Eciu
BO BCéM Habope He OoJiee OHON TOUKM JieKUT He Ha upsamoit ABC, yTBepxkaeHue
oueBuaHO. Eciin ke B Habope Hamuinch XoTs ObI 1Be Touku X, Y, He Jiexkalue Ha
npsimoit ABC', o jgist iioboit octaieiics Touku Z wabop u3 rouek A, B,C, X, Y, Z
JIOJI?KHO OBITH MOYKHO HAKPBITH JABYMs IpsiMbiMu. OHA U3 MPSMBIX JOJKHA OBITH
ABC (unaue, utobbl HAKpbITH ToukN A, B, C', morpebyercst X0Tst ObI TPH IMPSIMBIE ),
a apyrag XY (unaue, uroObl HaKpbITh X, Y, mmorpebyercsa xors Obl JiBe IpSAMbIE,
kpome ABC). CrenoBarennio, Z nexur uim va ABC, uin va XY a, 3Ha9uT, Bce
Touku Habopa Jjexar uian Ha ABC, win na XY.

* Bo epema oaumnuadv, 6o dar Kommenmaputi, wmo, ecau 6 nabope menvuie N
mouex, mo ymeepoicoenue o mom, umo aobve N mouek aescam me Gosee, wem
HA 08YT NPAMBLT, caedyem cuumamsd Heseprovim. To2da npednocuiaka UMNAWKG-
YU NOACHA, O eCMb, Ymeepatcderue yeaurom ucmurno. Ecau amom caywat we
pa3obpar, 6aribe NPU NPOBEPKE HE CHUNCAAUCD.



3.

Harypasbpuble uncia ¢ u y Opu JIeJICHHU Ha HATYPAJIbHOE UHUCJIO 7 JIAIOT OJIMH U
TOT ke ocTaTok 7. [Ipu aTom, ux npoussenenue xy aeaurcd Ha nl. JJokaxkure, 910

r=0.

Pewenue. Ecmu n = 1, yrBepx)aenne oueBuano. MHnade, mycTb HEKOTOPOE ITPOCTOE
YUCJIO P BXOJUT B PA3JIOXKEHUE YUCJIA 7 HA IIPOCTHIE MHOXKWUTEJW B CTeleHu k.
3aMeTnM, uTO B N! €CTh MHOXKHUTENIH p, p2, ..., p~, T.e. p BxomuT B pasinoxkenue n!,
- E(k+1
10 KpaiiHeil Mepe, B CTeleHn %, 9TO HE MeHbIIe, YeM 2k — 1 Ipu HaTypaIbHBIX
k. Tax Kak ry geautcs Ha n!, To xy memmrea Ha p?*~! oTKyma ciemyer, 4To, 1O
Kpaiineil Mepe, omHO U3 4ncen & u y aenurcd Ha p*. Ho Torma u r gemurcs na p*.
Ecimn oBTOpuTh paccykieHue Jijist BCeX MPOCTBIX JeJUTeeil 1, MoJyduM, 910 T
JIeJIUTCST HAa BCE TPOCTBIE JIEJTUTEIIN N B TeX XKe CTeleHsx, 4To u n. Ho Torga smbo

r > n, 9TO HEBO3MOXKHO, b0 17 = 0.

CyiecTByeT i MHOTOYJIEH TPETheil CTEIeH!, MMEIOIINl TPU TIOMAPHO Pa3IHIHBIX
[EJIBIX KOPHS, Y KOTOPOT'O €CTh TPU PABHBIX IO MOYJI0 KoddhdurmenTa?

Omsem. Her.

Pewenue. Tlpegnonoxum, nporusnoe. ChenaemM HaIl MHOTOYJIEH HMPUBEICHHBIM,
HOJeNB, ecJII Hy:KHO, Ha crapmmii kosddumuent. Torna on mpumer Bum x° -+
az? 4 bx + c. O6o3HAMIM KOPHI MHOTOWIEHA 1, Tg, T3. 110 Teopeme Buera:

1+ X + 23 = —a,

T1T2 + T2z + T123 = b,
T1Tox3 = —C,

SameruM, 9TO |c| He 1, BeJb MHAUE M3 TPETHErO PABEHCTBA CJIE/LYeT, YTO BCE TPU
KOpH# PaBHBI £1, TO €CTh, HE MOI'YT OBITH IIONAPHO PA3IMYHBIMU. BO3MOXKHBI 1Ba
ciyJast:

e |a| = b = 1. Torma
22423+ 2k = (21 + 29 +13)% — 2(x120 + 22wz +x123) = |a> £2/b] = 1£2.

Ho orpumnaressuomy unciy —1 cyMMa KBaJipaTOB OBITH PABHOI HE MOXKET, a
ecJIM CyMMa KBaJIpaTOB TPEX IIeJIbIX YHCeJ paBHA 3, TO BCe OHU paBHBI 1, TO
€CTh, HalyTCcd ABa paBHBLIX. [[poTrBOpeume.

e |a| = |b| = |c|. Omu ne pasHb! 0, BeL WHAME MHOTOWIEH OBLT GBI 25, a y HeTo
Beero ojun Kopenb. Torga [4| = || =1, To ects

111 11 1)’ 1 1 1
) + ) + ) = —_— 4+ —+ — - 2 + + -
xrq Ty x3 T T9 I3 12 ToX3 r1x3

2
=2 12‘9‘:&2.
C C

AHAIOTUYIHO TIPEBIIYIIEMY CIydaio, OTPUIIATETLHON CyMMa KBa[paToB ObIThH
He MOXKET, & ecJIi OHa PaBHa 3, TO BCe KOPHU pPaBHBI 1 — mpoTuBOpeune.



Buesnucannbie okpyzkHocTn Tpeyronbanka ABC kacaorcs ero cropon BC, CA
u AB B toukax A, By u Cy coorBercrBenno. Touka A JjleXKUT HA OKPYXKHOCTH,
OTMHMCAaHHOI 0KOJI0 Tpeyrosbauka A1 By Cy. JlokaxKuTe, 9T0 BTOpast TOUKa Iepecede-
HUSI 3TOH OKpY2KHOCTHU cO cropoHoit BC' — ocHoBaHme BbICOTHI Tpeyroiabauka ABC),
OIIYIIEHHOW U3 BepIIMHBI A.

Pewenue 1. Cuemmnoe. Ob603HAUNM BTOPYIO TOUKY IE€PECEUEHUsT OKPYZXKHOCTU CO
croponoit BC' 3a X, u HazoBém OykBamu pasubie orpe3kn: BC1 = CB; = a, ACy =
CA; =b, AB; = BA; = ¢ (KaxX/Iplii U3 OTPE3KOB PABEH PA3HOCTH II0JIyIEPUMETPA
TpEeyroJIbHUKa U [puiiexkaiieiil cropoust). Tak:ke oboznauum BX = x.

B X Ay c
Bammmenm paseHcTBa creneneil Touek B u C' OTHOCUTENILHO OKPY KHOCTH:
B:cx=a(a+b), C:b(b+c—zx)=ala+c).

Bamernm, ato AX | BC & (a+b)2—22 = (a+c)?— (b+c—x)?2. [locre packpbrTas
CKOBGOK B 9TOM PABEHCTBE W COKPAIIEHMS KBAIPaToB moaydnM 2ab + b% = 2ac —
b? — 2bc + 2bx + 2cx, aTo npeobpasyercs B b(b + ¢ — x) — cx = ac — ab. Ocranoch
OJICTABUTDH TIOJy9YeHHbIC BBINIE BLIPDAYKEHHUs U yOeJUThCA B TOM, UTO PABEHCTEO
BepHoe.

Pewenue 2. T'eomempuueckoe.

Jemma. Teprenukynspol k croponam BC, C A, AB, BOCCTAaHOBJIEHHBIE B TOYKAX
A1, B1, C'{ COOTBETCTBEHHO, IIEPECEKAIOTCS B OJHON TOUYKE.

O1HO U3 BO3MOXKHBIX JI0KA3aTEbCTB: OTMeTHuM TOYKU O, I — IIeHTPBI ONUCAHHON U
BIMCAHHOI OKpYy:kHOCTElH Tpeyroibauka ABC, a takxke M4 u As — cepemuny BC
¥ TOYKY KacaHWs BIOUCAHHON OKpY:KHOCTH O cTOpoHOil BC, BCE COOTBETCTBEHHO
(cM. pucyHOK).



A, My A, C

B

Kax wusBectno, BA; = A1C = p — AC, rue p — noOJynepuMeTp TPEYroJbHUKA
ABC. Torma u AsM4 = M4A;. Ilo teopeme @aieca, upstmbie Asl, M 4O u uep-
nerukyJsip K BC' B Touke Ap BbiceKyT Ha npsiMoit O paBHBIE OTPE3KH, T.e. ITOT
HepIHeHIuKyJIap npoiiger yepes Touky I, cummerpuanyto I ornocurensro O. Ilo-
BTOPHUB 3TO PACCYXKJEHHUE I OCTAJILHBIX JBYX CTODPOH, JOKAyKEeM, UTO BCE TPU
MIEPIIEHIUKYIpa POy T depes I'.

Iepeitném K pemennio 3agaun. Iz geMMmbl caenyer, uro ZI'B1A = ZI'C1 A = 90°,
cnegoBarenbno, AI’ — pquamerp okpyxnoctu u3 yciosus. Ecau I’ He coBmasgaer
¢ Ay, o ZI'A1A = 90°, kak yrou, onupatomuiicss na guamerp. Ho I'A; Takxe
neprenukyiaspaa BC, ciaenoBaresibHo, TOUKa A JoJKHA j1ekaTh Ha mpsimoil BC
— nporusopeune. [lomyaaercs, aro Touka I’ copmamaer ¢ Ay, T.e. AA; — muamerp
OKPY?KHOCTH U3 YCJOBUsI, & TOIJIa HA HEH JIE2KUT U OCHOBAHME BBICOTHI U3 TOUKHM A

na BC.

Paccemorpum rpad, B koTopom 256 BepIiinH — 3TO BCEBO3MOXKHbBIE CTPOKH U3 HYJIei
¥ eJUHUIL JJIAHBL 8, a peOpo MPOBOAUTCS MEXKIY IBYMsT CTPOKAMM, €CJIH OHU OTJIH-
9al0TCsd POBHO B OHON mo3unuu. B aTom rpade Boidbpaan 128 pebep, He nMeromux
0ObIIUX KOHIOB, M IMOKpacuiu B KpacHblit. OcrajibHble pedpa HOKPACU/IM B CHHUIA.
Hoxkazxkute, uTo B rpade HaiijieTcsa IUKJ JJIAHB He OoJiee, yeM 14, B KOTOpOM
KpaCHbIE U CHHUE PEOPa YeperyroTCs.

Pewenue. Boibepem Kakyio-uuOyab Bepiuny A B Hamem rpade, a ocTaabHbIe Bep-
IIMHBI Oy/1eM HA3bIBATD A;, i, .. i, , €CJII COOTBETCTBYIONIAs €ff I10C/IeI0BATE/ILHOCTD
OTINYaeTcs or A B HO3UIUSIX @1, 99, . . . , i, & B OCTAJIbHBIX COBIaIaeT. Eciu mpoiitu
U3 BepIIUHbI A 110 KpacHOMY peOpy, MbI IIOMAJIEM B BEPIIUHY, KOTOPas OTJIMIaeTCs
oT A poBHO B 01HOI TIO3UNKHU, 6€3 OrpaHndenus obimHocTy, B A;. 13 Ay ecth cunee
pebpo B A o. 13 Bepmuner A o KpacHoe peOpPO BEJET WX B BEPIIUHY, OTIIHYAI0-
myiocss or A poBHO B ojHO# nosuiuu (As), WM B BEpPUIMHY, OTIMYAIONLYIOCS OT
A poBHO B Tpéx mo3unusx. B mepBoM citydae MbI cpa3y MOXKeM BepHYTbCS B A u
3aMKHYTb IIUKJ, 8 BO BTOPOM, 6€3 orpaHHUYeHus: OOIHOCTH, MBI ITonaaeM B A o 3.
Iepeiiném no curemy pebpy B Ai,3. Ilo KpacHOMy pebpy MBI HomajeMm uim B As,
OTKY/1a MO2KeM BepHyTbcs B A, mu, 6e3 orpanndennst obuaocTd, B Aq 34. Hasee



JleficTByeM aHaJOTHYHO, IePeXos Mo cuHeMy pebpy B BepmmHy Ap;, a n3 Heé mo
KpacHOMYy pebpy 6o B Bepuiuny A;, m6o B A; ; j, IpH 9TOM, eciu j > 4, To, Oe3
orpaHuveHus OOLIHOCTH, CYUTaeM, 910 j = i + 1 (cM. puUCyHOK).

A Ay
A2 @ o Ao
Ars Arza
Ara
Ais @ °

Bamernm, 9T0, [0 KpaiiHeil Mepe, mocse BepmuHbl Ap g (&, BO3MOXKHO, I paHbIIIE)
[IpU TIEPEXO/IE IO KPACHOMY PeOpPY, CIYIUTCH OJHO U3 JIBYX COOBITHIA:

e MpubI npujieM B BepIIUHY, KOTOPasi OTJIMYAEeTCss OT A POBHO B OJIHOI ITO3UITHH,
TOTJIa Cpa3y 3aMKHEM IHUKJI;

e Mbl npuseM B BepIIKHY, KOTOPasi He J100aBUT HOBOH no3unuu (T.e. B BEPIIUHY
A1, toe | < k). Ho Torma Mpl u3 9TOii BePIIHHBI MOXKEM IIOHTH IO CHHEMY
pebpy B BepumuHy Ap;, B KOTOPOil y»Ke ObLIM, U TaKKe HOJIYyINTh UKL

Ecau coryamiioch Bropoe cobbITHe, TO JJIMHA IUKJIa y:Ke He Gosee 14 (IOCKOIBKY
Awu Ay B HEM HE yUaCTBYIOT). A €CJiU CJIyYUJIOCHh IIEPBOE COOBITHE, U JJIMHA IIUKJIa
okazaJiachk Oosbitie 14, To oHa paBHa 16, U 9TO O3HAYAET, YTO TOCJEIHEE KPACHOE
pebpo mpuseso Hac u3 Bepmubl A; g B Bepmnay Ag. Ho Torma ecrs muxi kopote:

A— Ay — Ay g — Ag.



