
10-1 Àëãåáðà? 7 äåêàáðÿ 2020

1. Ïîëîæèòåëüíûå a, b, c, A,B,C òàêîâû, ÷òî a + A = b + B = c + C = S.
Äîêàæèòå, ÷òî aB + bC + cA < S2.

2. Íà äîñêå íàïèñàíû òðè íàòóðàëüíûõ ÷èñëà a, b, c. Ïåòÿ çàïèñûâàåò íà áó-
ìàæêå ïðîèçâåäåíèå êàêèõ-íèáóäü äâóõ èç ýòèõ ÷èñåë, à íà äîñêå óìåíüøàåò

òðåòüå ÷èñëî íà 1. Ñ íîâûìè òðåìÿ ÷èñëàìè íà äîñêå îí ñíîâà ïðîäåëûâàåò

òó æå îïåðàöèþ, è òàê äàëåå, äî òåõ ïîð, ïîêà îäíî èç ÷èñåë íà äîñêå íå

ñòàíåò íóë¼ì. Íàéäèòå ñóììó ÷èñåë íà Ïåòèíîé áóìàæêå â ýòîò ìîìåíò.

3. Ïîëîæèòåëüíûå ÷èñëà x, y, z, t äàþò â ñóììå 10. Íàéäèòå íàèìåíüøåå

çíà÷åíèå âûðàæåíèÿ
√
x2 + 1 +

√
y2 + 2 +

√
z2 + 3 +

√
t2 + 4.

4. Äëÿ ïîëîæèòåëüíûõ ÷èñåë x, y, z äîêàæèòå, ÷òî√
x2 + xy + y2 +

√
y2 + yz + z2 +

√
z2 + zx+ x2 > 3

√
xy + yz + zx.

5. Ðåøèòå ñèñòåìó óðàâíåíèé


y = 2x2 − 1,
z = 2y2 − 1,
x = 2z2 − 1.

6. Ïóñòü a1 = 1
2 è an+1 =

√
1−
√

1−a2n
2 äëÿ âñåõ íàòóðàëüíûõ n. Äîêàæèòå,

÷òî ñóììà ïåðâûõ 2020 ÷ëåíîâ ýòîé ïîñëåäîâàòåëüíîñòè ìåíüøå 1,03.

7. Ïóñòü x1 < x2 < x3 � êîðíè ìíîãî÷ëåíà x3 − 3x− 1. Äîêàæèòå, ÷òî

x23 − x22 = x3 − x1.

8. Ðåøèòå ñèñòåìó óðàâíåíèé{
xy + xz + yz = 1,

3(x+ 1
x) = 4(y + 1

y ) = 5(z + 1
z ).

9. à) Äîêàæèòå, ÷òî ñðåäè ëþáûõ øåñòè ÷èñåë íàéäóòñÿ äâà ÷èñëà x, y
òàêèå, ÷òî 0 6 x−y

1+xy 6 1√
3
.

á) Äîêàæèòå, ÷òî ñðåäè ëþáûõ òð¼õ ÷èñåë íàéäóòñÿ äâà ÷èñëà x, y òàêèå,
÷òî 0 6 x−y

1+x+y+2xy 6
√
3.

10. Äàíà ôóíêöèÿ f(x, y, z) = x2+ y2+ z2+2xyz. Ïîëîæèòåëüíûå ÷èñëà a,
b, c, x1, x2, . . . , x7 óäîâëåòâîðÿþò ñîîòíîøåíèÿì f(x1, x2, a) = f(x2, x3, b) =
f(x3, x4, c) = f(x4, x5, a) = f(x5, x6, b) = f(x6, x7, c) = 1. Äîêàæèòå, ÷òî
x7 = x1.


