
Êðóæîê â Õàìîâíèêàõ. Ãðóïïà 11-2 19.12.2019

Ñåðèÿ 21. Óðàâíåíèÿ Ìàðêîâà

0. Ïóñòü (a, b, c) � íàòóðàëüíîå ðåøåíèå óðàâíåíèÿ Ìàðêîâà x2 + y2 + z2 = 3xyz. Ñ ïîìîùüþ

òåîðåìû Âèåòà íàéäèòå åùå îäíî ðåøåíèå ñ òåìè æå b è c.
1. Äîêàæèòå, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ Ìàðêîâà ñîåäèíÿåòñÿ öåïî÷êîé ñîñåäíèõ ðåøåíèé

ñ ðåøåíèåì (1, 1, 1).
2. Äîêàæèòå, ÷òî ïî êàæäîìó ðåøåíèþ óðàâíåíèÿ x2 + y2 + z2 = kxyz ïðè k > 3 ìîæíî

ïîñòðîèòü ðåøåíèå ñ ìåíüøåé ìàêñèìàëüíîé êîîðäèíàòîé. Âûâåäèòå îòñþäà, ÷òî ýòî óðàâíåíèå

íå èìååò ðåøåíèé.

3. Äîêàæèòå, ÷òî êîîðäèíàòû ëþáîãî ðåøåíèÿ óðàâíåíèÿ Ìàðêîâà ïîïàðíî âçàèìíî ïðîñòû.

4. Ðåøåíèå îáîáùåííîãî óðàâíåíèÿ Ìàðêîâà x21 + x22 + . . . + x2n = kx1x2 . . . xn íàçûâàåòñÿ

êîðíåâûì, åñëè 2xn > kx1 . . . xn−1. Äîêàæèòå, ÷òî åñëè ó óðàâíåíèÿ åñòü ðåøåíèå, òî åñòü è

êîðíåâîå ðåøåíèå.

5. Ïðèâåäèòå ïðèìåð îáîáùåííîãî óðàâíåíèÿ Ìàðêîâà ñòåïåíè âûøå 2 ñ íåñêîëüêèìè (õîòÿ

áû äâóìÿ) êîðíåâûìè ðåøåíèÿìè.

6. Äîêàæèòå, ÷òî äåðåâüÿ, îáðàçîâàííûå êîðíåâûìè ðåøåíèÿìè, íå ñðàñòàþòñÿ.

7. Ïóñòü n > 2, (x1, x2, . . . , xn) � êîðíåâîå ðåøåíèå óðàâåíèÿ x21 + x22 + . . .+ x2n = kx1x2 . . . xn,

ïðè÷åì x1 6 x2 6 . . . 6 xn. Äîêàæèòå, ÷òî x1 . . . xn−2 6
2(n−1)

k .

8. Äîêàæèòå, ÷òî ÷èñëî êîðíåâûõ ðåøåíèé êîíå÷íî.

9. Åñëè 1 < x2n 6 x21 + . . .+ x2n−1, òî
x2
1+...+x2

n

x1+...+xn
6 n+3

2 .

10. Äîêàæèòå, ÷òî åñëè óðàâíåíèå x21 + x22 + . . .+ x2n = kx1x2 . . . xn èìååò ðåøåíèÿ è n 6= k, òî
n > 2k − 3 ïðè n > 5 è n > 4k − 6 ïðè n = 3 è n = 4.

11. Ïóñòü n > 2, (x1, x2, . . . , xn) � êîðíåâîå ðåøåíèå óðàâåíèÿ x21+x22+ . . .+x2n = kx1x2 . . . xn
ñ ìèíèìàëüíîé ñóììîé ïåðåìåííûõ, ïðè÷åì x1 6 x2 6 . . . 6 xn. Äîêàæèòå, ÷òî x1 . . . xn−2 6 n

k .
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