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Ñåðèÿ 20. Áåðòðàí è äðóãèå

De principiis non est disputandum

Ëàòèíñêàÿ ìóäðîñòü

Êàæäàÿ çàäà÷à ñîñòîèò èç äâóõ ïóíêòîâ. Â ïåðâîì ìîæíî èñïîëüçîâàòü ïîñòóëàò Áåð-

òðàíà, âî âòîðîì � íåëüçÿ.

1. Îáîçíà÷èì p(n) � n-å ïðîñòîå ÷èñëî. Äîêàæèòå, ÷òî ïðè n > 2 p(1)p(2) . . . p(n) <
2n(n+1)/2.

2. Äîêàæèòå, ÷òî Cn
2n íå ÿâëÿåòñÿ êâàäðàòîì ïðè âñåõ n > 962.

3. Ïóñòü S = {1, 2, 3, 4, . . . , 2n}, E ⊂ S, ïðè÷åì |E| = n+1. Äîêàæèòå, ÷òî ñóùåñòâóþò
x, y ∈ E òàêèå, ÷òî x+ y � ïðîñòîå ÷èñëî.

4. Äîêàæèòå, ÷òî óðàâíåíèå n! = a2 + b2 íå èìååò ðåøåíèé â íàòóðàëüíûõ ÷èñëàõ ïðè

n > 962.
5. Äëÿ íàòóðàëüíûõ n ≥ 3 îïðåäåëèì ïîñëåäîâàòåëüíîñòü α1, α2, . . ., αk ñòåïåíåé â

ðàçëîæåíèè íà ïðîñòûå ìíîæèòåëè n! = pα1
1 p

α2
2 . . . pαk

k , ãäå p1 < p2 < . . . < pk � ïðîñòûå.

Íàéäèòå âñå òàêèå n ≥ 3, äëÿ êîòîðûõ α1, α2, . . . , αk îáðàçóþò ãåîìåòðè÷åñêóþ ïðîãðåññèþ.

6. Let n be an integer of the form a2 + b2, where a and b are relatively prime integers and

such that if p is a prime, p ≤
√
n, then p divides ab. Determine all such n.


