Kpyotcox 6 “Xamosnuraz”. 2019-2020 ywebnuti 200. 11 xaacc. I'pynna 11-1.
Cepus 15. Konuku, MOHUKW, CJIOHUKM]...

1 BcnommHaeM cBOICTBa IIPOEKTUBHBIX IIPeoOpa30BaHUI

1. a) Joxasicume, wmo npoeyuposanue ¢ npamol | 6 nywor npamux o 6 mowke A (npoexmuenoti) naocxocmu,
He seocawel] Ha |, ABAAEMCH NPOEKTNUSHDIM NPEOOPA30BAIHUEM.

6) Zlowasrcume, 4mo npoeyuposanue us nYwKa NPAMsET 6 mouke A na xKonuxy o, npoxodsuyyro wepes A, aera-
EMCA NPOEKMUESHBM TPEOOPA306AHUEM.

6) okaosicumne, 4mo npoeyuposaHuE ¢ KOHUKU @ Ha ceba weped mouky A 6He O ABAAELTNCA TPOEKMUGHHIM
npeodPa3oeaHUEM.

2) IIyemwv npamas | Kacaemes Konuku o 6 mouxe A. Tas xasrcdotd mowku B € a\{A} ecmpoumea xacamervras
m(B) & a 6 mouke B. Zlokascume, wmo omobpasicenue ¢ : o« — I, B — m(B) NI, A — A asasemca
NPOEKMUBHBIM TIPEOOPAZ0EAHUEM.

Ilodckaska. JokasbiBaTh yTBEPKACHUE JIJIA CIyIalHOM KOHUKHK CJI02KHO, & JIJIsi OKPY2KHOCTH — y2K€ He KarxKeTCs
HEMOCUJIBHON PAbOTOIA.

2 (Koucrpykrusa Hlreiinepa, gacrs 1). Janwo npamve | u m, nepecexarousuecs 6 mouke Y, U NpoeKmusHoe
npeobpazosanue @ : I — m. Pacemampueaemcs cemetcmeo X npamuls nporo0iuuL “epe3 6Ce603MONCHbLE
napv. 06pa3os u U NPoobpasos.

a) Zoxasrcume, wmo ecau mouwka nepecevwerus npamoz nepexodum 6 cebs (p(Y) =Y ), mo ece npamuve ce-
metiemsa X npoxodam uepesd durcuposanyto mowky P, ne sescawyro na npamuix I u m.

6) Hycmv oY) # Y. Pacemompume X = o 1Y), Z = o(Y) u ewé waxue-nubydv omauunvie om X,
Y, Z mouku S uT, wmo ¢(S) = T. Ipumenume npoexmueroe npeobpasoearue niockocmu, Komopoe
nepesedém X, Y, Z, S uT 6 makxue mouxu, wmo enucannas oxpyscuocmo ASYT bydem xacasamoces
npamviz SY v YT 6 moukar X u'Y coomseemcmeento.

8) Hoxaosrcume, wmo ecau o(Y) # Y, mo 6ce npamwvie cemeticmsea ¥ kacaromces, nekomopot KOHUKY 7y, KOMOPasi
Kacaemesa npamois | u m.

3 (Koncrpykrusa HIreiinepa, gacts I1). Janv, nywku npamos « u B 6 pasnox moukaer A u B, u npoexmuenoe
npeobpazosanue © : a — . Paccmampueaemcs cemetcmeo X mouek nepecevenus 6Ce603MONCHBLT nap 00pa3oe
u ux npoobpasos. Bozvmume karxue-nubyds mpu mouku P,Q, R € &, xomopvie ne nesicam na AB. ITonamno,
wmo nukakue wemwpe moury u3 {A; B; P;Q; R} ne aeocam na 0010l npamoti, nosmomy wepes smu namov
Movex NPorodum edunHCMEeHHas K6a0PUKE Y (NPUMUME MO 04e6UIHBLM; ECTND HECAONCHAA TNEOPEMA, KOMOPOE
amo doxasvieaem,).

a) Ilokasrcumne, 4mo ecau y 6bpodtclena (m.e. AGAAEMCA JBYMS NPAMBIMU), MO IMO 006eIUHEHUE NPAMBIL
AB u PQR. Jloxasxcume, wmo mozda p(AB) = AB. Iokaxcume mem camvim, 4mo @ AGAAEMCA KOMNO-
suyueti npoexyul u3 o« na PQR u ¢ PQR 6 5. 9mo osnauaem, wmo ¥ — 2mo npsamas (36 HEKOMOPHLMU
UCKANOYEHUAMU,).

6) Iycmv v neevposicdena. Tozda v — smo xkonuxa. IToxasicume, wmo ©(AB) # AB u ¢ asasemcs xom-
No3uUYUET NPOEKUUT U3 o Ha Y U € 7y 8 (.

6) Onuwume X no momy, nepexodum au AB 6 ceba npu deticmeuu @.

2 IIpumeHsieM MeTOJbI HA MPaAKTUKE

4. Let AB and AC be two distinct rays not lying on the same line, and let w be a circle with center O that is
tangent to ray AC at E and ray AB at F. Let R be a point on segment EF. The line through O parallel to
EF intersects line AB at P. Let N be the intersection of lines PR and AC, and let M be the intersection of
line AB and the line through R parallel to AC. Prove that line M N is tangent to w.

5. A convex quadrilateral ABCD is circumscribed about a circle w. Let PQ be the diameter of w perpendicular
to AC. Suppose lines BP and DQ intersect at point X, and lines BQ and DP intersect at point Y. Show that
the points X and Y lie on the line AC.

6. Clircles w1 and wy intersect each other at points A and B. Point C lies on the tangent line from A to w;
such that ZABC = 90°. Arbitrary line | passes through C and cuts wo at points P and Q. Lines AP and AQ
cut wy for the second time at points X and Z respectively. Let Y be the foot of altitude from A to l. Prove that
points X, Y and Z are collinear.



7. Ha cmoponaxr AB u BC mpeyzorvnuxa ABC ewbparu mouwku P u @Q coomsemcmsenno, wmo A, C, P
u Q aescam Ha 00noll okpyorchocmu. Ilpamwe AQ u PC nepecexaromes 6 mouke R. Q u w — onucanmoe
oxpyscrocmu mpeyzorvrurose ABC u PBQ.

a) B’ — mouxa, duamemparvro npomusonoaosicnas B 6 Q. Hoxasicume, wmo Q, w u npamas B'R nepece-
Karomea 6 00rol movke.

6) AR emopuuno nepecexaemn 0 ¢ mouke X, XP — 6 mouke Y, a XQ — ¢ mouke Z. Jokascume, 4mo
npamas Y Z npoxrodum weped uewmp oxpyscrocmu Anoaronus eepuuns, B mpeyzosvnuxa ABC.

8. Let ABCD be a cyclic quadrilateral, and let diagonals AC' and BD intersect at X. Let C1, Dy and M be
the midpoints of segments CX, DX and CD, respecctively. Lines AD; and BCy intersect at 'Y, and line MY
intersects diagonals AC and BD at different points E and F, respectively. Prove that line XY is tangent to
the circle through E, F and X.

9. ITycmov AA; u BBy — svicomor ocmpoyz0avHo20 Hepashobedpentozo mpeyzorvrura ABC. Hzsecmno, wmo
ompesor A1 By nepecexaem cpedHiorw aunuro, napasresvhyto AB, 6 mouke C1. Jokasicume, umo ompesox CC1
nePnenIuKYAAPEH NPAMOT, NPOLOdawet Yepe3 MOUKY NEPECENEHUS GLLCOM U UEHIND ONUCGHHOT OKPYICHOCTIU
mpezyorvrura ABC.

10. In triangle ABC, point Ay lies on side BC and point By lies on side AC. Let P and Q be points on
segments AA, and BBy, respectively, such that PQ is parallel to AB. Let Py be a point on line PBy, such that
B lies strictly between P and Py, and ZPP1C = ZBAC. Similarly, let Q1 be a point on line QA;, such that
Ay lies strictly between @ and Q1, and LCQ1Q = LZCBA. Prove that points P, Q, Pi, and Q1 are concyclic.

3 ,Z[OHO.TIHI/ITGJII)HI)IG 3aJa491, CBA3aHHbIE€ C JIBUN2KCHNAMMN

11. Let ABC be an acute-angled triangle with circumcircle I'. Let D and E be points on the segments AB and
AC, respectively, such that AD = AE. The perpendicular bisectors of the segments BD and CE intersect the
small arcs AB and AC' at points F' and G respectively. Prove that DE || FG.

12 (Teopema o Tpéx komukax). ITycmo xonuwu o, 5, v npoxodsm wepes mowku Py u Pp. Taxowce o u S
nepecexaromesn 6 moukar C1 u Cy, fuy — 6 Ay u As, vy u v — 6 By u Bs.

a) Iokaorcume, wmo ecau Ty, . .., Ts — waxue-mo mowku na xonuke 7, S1 := Ty ToNTyT5, So := T1T5sNTLT5,
X :=T13T, N 5153, mo XT) — xacameavmasn % T.

6) ITycmo Ty, ..., Ty u3 npownozo nynkma gurcuposanvi. Jas kascdolti mowku Ts Ha KOHUKE MONHCHO CO-
nocmasums npamyto [(Ts) := 5152, ede S1 = T1To NTyT5, a So := ThT5 NI5T5. Iokascume, wmo ece
Maxue NPAMbLE NPoxrodam uepes durcuposannyto mouky. okascume maxsice, wmo omobpasicenue | u3
KOHUKU T 6 HEKOMOPHLll NY40K NPAMBLE NPOEKMUEHO.

6) Bpemenno evikununem u3 yeaosus o, C1 u Co. Qurcupyem P, Q, By, Bs u 8 u 6ydem menams v, a
¢ et u Ay, As. Pacemompume komnosuyuto npoexyuti ¢ Bi By na 5 wepes P u ¢ B na B1P wepes Q.
Ioxaosicume, umo ece npamwvie NPOTOdAULUE UePe3 00Pa3vl U UL NPOOLPA3LL KACAIOMCEA HEKOMOPOTl KOHUKU.

2) ITyemo Ty := P, Ty := By, T35 := By u Ty := Q. Tozda S1, u So onpedesum max sice, Kax u 6 nynxme 0,
Ho das mooli mouku Ty. Ilpu kaxux ycaosusx na S152 Ts 6ydem aestcams wa vy, a npu kaxux na 37

0) Hoxaosrcume, meopemy o mpézr konuxaz: npsmve A1 Az, B1 By u C1Co KonkypenmuoL.

13. Buympu ocmpoyzosvnozo mpeyzosvnura ABC evbpans, mouku P u QQ maxue, ymo LABP = ZCBQ u
LACP = ZBCQ (m.e. usozonaavro conpasicennve mouxy). depes mouxu P u Q) nposeau npsmovie, nepnen-
duryasprvie buccexkmpuce yeaa BAC (em. pucynox). Omu nepnenduryaspo, nepecexarom ompesru AC u AB
6 moukaxr By, By, Cp, Cq. Hycmo W — cepeduna dyeu BAC onucannot oxpyosrcnocmu  mpeyeoavnukae ABC.
Ipamwvie WP u WQ nepecexarom emopuuno 2 6 mouxar Py u Q)1 . oxascume, wmo mouku Py u Q1 seoscam
Ha onucannotl okpyscnocmu mpaneyuu B, B,C,C,,.



