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Ñåðèÿ 8. Òåîðåìà Âèëüñîíà

Labor omnia vincit

Ëàòèíñêàÿ ìóäðîñòü

1. Ïóñòü p � ïðîñòîå íå÷¼òíîå ÷èñëî. Äîêàæèòå, ÷òî

12 · 32 · 52 · . . . · (p− 2)2 = (−1)(p+1)/2 mod p.

2. Ïóñòü p � ïðîñòîå ÷èñëî, N = 1 + 2 + 3 + . . . + (p − 1) = (p−1)p
2

. Äîêàæèòå, ÷òî
(p− 1)! ≡ p− 1 mod N .

3. Ñ ïîìîùüþ òåîðåìû Âèëüñîíà äîêàæèòå, ÷òî äëÿ ëþáîãî ïðîñòîãî p âèäà 4k + 1
ñóùåñòâóåò íàòóðàëüíîå m < p òàêîå, ÷òî m2 + 1 äåëèòñÿ íà p.

4. Íàéäèòå âñå íàòóðàëüíûå n, óäîâëåòâîðÿþùèå ñëåäóþùåìó ñâîéñòâó: ñóùåñòâóåò
ïåðåñòàíîâêà a1, a2, . . ., an ÷èñåë 0, 1, 2, . . ., n − 1 òàêàÿ, ÷òî îñòàòêè ïðè äåëåíèè íà n
÷èñåë a1, a1a2, . . ., a1a2 . . . an ðàçëè÷íû.

5. Äëÿ öåëûõ n > 5 è q òàêèõ, ÷òî n > q > 2 äîêàæèòå, ÷òî [(n−1)!/q] äåëèòñÿ íà q−1.
6. Ðàññìîòðèì ìíîãî÷ëåí ñ öåëûìè êîýôôèöèåíòàìè P (x) = anx

n + an−1x
n−1 + . . . +

a1x+ a0, an > 0. Äîêàæèòå, ÷òî ñóùåñòâóåò íàòóðàëüíîå m òàêîå, ÷òî P (m!) � ñîñòàâíîå
÷èñëî.

7. Ïóñòü p è p+ 2 � ïðîñòûå ÷èñëà-áëèçíåöû. Äîêàæèòå, ÷òî 4(p− 1)! + 4 + p äåëèòñÿ
íà p(p+ 2).

8. Ïóñòü p > 5 � ïðîñòîå ÷èñëî,
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à) Äîêàæèòå, ÷òî p ÿâëÿåòñÿ äåëèòåëåì m;
á) Äîêàæèòå, ÷òî p2 ÿâëÿåòñÿ äåëèòåëåì
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