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Cepust 6. MHoro4jieHbl HaJd HOJISIMN

Omnpenenenue. Muorowrenom HaJ mosieM [ HA3BIBAETCsI TIOC/IEI0BATEIBHOCTD (ag, A1,
a2, ..., Qp,...) U3 JIEMEHTOB 10Jisi I, B KOTOPOIi BCE HWI€HBI, KPOME KOHEIHOI'O UUCJIA,
paBubl Hy1I0. CyMMOit MHOTOWIEHA (ag, A1, a2, - .., Ay, .. .) 1 MEOTOWIEHA (bg, b1, Do, . . .,
by, . ..) Ha3bIBaeTCs MHOTOYJIEH (ag + by, a1 + by, as + ba, ..., an + by, ...), a npousse/e-
HIEM — MHOTOYJIEH (Co, C1,C2; - -+ Cn,y--.), T Ck = > ., asby. CTenenpbio MHOTOUIEHA,
Ha3BIBAETCS HAMOOJIbIIEE IIeJI0e HeOTPUIATeIbHOE d, /IS KOTOPOI'O Gg He PABHO HYJIIO.!
MHOkeCcTBO Bcex MHOTOUIeHOB HaJT I obo3nadaercst depes IFx].

Muorousnen (ag,G1,02,...,0n,...) € F[x] Mbl Oymem 3amuceiBaTh 6oJiee TPUBBITHBIM
obpazomM Kak aqx? + ...+ a1z + ag. 31ech 3Ta 3amnuck — 310 GopMaIbHOE 0603HAYEHNE,
2 — 970 (OPMAILHBIA CUMBOJL.

Omnpepenenne. 3nadenneM MHorowieHa f = aqz? + ...+ a1z + ag € F[z] B Touke
ro € F maswBaerca smement f(zg) = agqxd + ad_lzcg_l + ...+ a1z + ap nmona F.
U3 akcnom mosst ciemyer, uro st Jiobeix f,g € Flx],zo € F Bepro f(zo) + g(xo) =

(f +9)(w0); f(w0)g(x0) = (fg) (o)

Hajee 1m0 yMOJSIAHUIO BCe MHOTOWIEHBI — 3TO 3jeMeHThl Flz], rie F — npousBosbHOE
ToJie.

Yupaxkueumne. Jlokaxure, 9410 st JTIOOBIX MHOrowieHoB f, g umeer mecto deg(fg) =
deg(f) + deg(g) u deg(f + g) < max(deg(f),deg(g)). B gyacTHOCTH, TPpOU3BEIEHNE JIBYX
HEHYJIEBBIX MHOTOUJICHOB — HEHYJIEBOI MHOTOUJICH.

AHaJIOTUYHO C/Ty9ar0 MHOTOYJIEHOB C BEIIECTBEHHBIMU KO PUITMEHTAME, /I dJIeMeH-
ToB F[x] ompeiesisitorcst MOHATHST KOPHSI U KPATHOCTU KOPHsi. Takzke aHaaoruduo ¢op-
MYJIUPYIOTCS U JTIOKa3bIBAIOTCs TeopeMma Buerta, Teopema be3y m Teopema o TOM, YTO
000l HeHyeBoil MHOrOowIeH f HaJ mojeMm umeer He Gosiee deg(f) KopHeil ¢ yuérom
KPaTHOCTH.

Onpenesenune. ['oBopsaT, 9T0 MHOTOWIEH f JI€JIUTCS Ha MHOTOUJIEH ¢, €CJIA CYIIECTBYET
Takoit MHOTOYJIEH h, uTO [ = gh. MHOrouien f Ha3biBaeTcs HenpuBoauMbiM HaL [, ecin
f umeet crerienb He MeHbIle 1 U f HEJIb3s Pa3/IOKUTh B IPOU3BEJIEHNE JIBYX MHOTOUJIC-
HOB HaJI [F crenenu He MenbIe 1. VIHbIME cJiOBaMU, MHOTOYJIEH CTEIIEHU > 1 HEITPUBOIMM
TOTJ]a U TOJILKO TOTJIA, KOTJIa OH JEINTCH JIUIH Ha HEHyJeBble KOHCTAHTHI 2 W Ha MHO-
TOYJIEHBI, TIOJIyYaeMble U3 HEro YMHOXKEHHEM Ha, HEeHyJIeBble KOHCTaHThbI. MHoOTOUIEH h
HA3bIBAETCsT HAMOOJIBIITUM OOIIUM JeJIUTeIeM MHOrO4YJIeHOB f u g, ecoiu f u g jensiTcs

Ha h u h nenurcs Ha J10060i 06Ul e uTenb f u g.

PakT. Hang C HenpuBoauMbI TOJIBKO JIMHEiiHbIE MHOrOUIeHbI. MHOorouaen na R #Herrpu-
BOJIMM TOTJIa W TOJBKO TOT/Ia, KOT/Ia OH JIMHEHHBIN MM KBAJIPATHBIN ¢ OTPUIATETbHBIM
muckpuMmuHanToM. Hanx Q Haiinércs HEIpPUBOAUMBIN MHOTOYJIEH JIFOOO CTEIeHU; IJIsI

1ﬂOFOBOpHMCH CYUTaThb CTEIIeHb HYJIEBOI'O MHOI'OYJI€Ha paBHOfI —OQ.
2I(OHCTaHTa,MI/I Ha3bIBAIOTCA HyﬂeBOfI MHOT'OYJIEH 1 MHOI'OYJIEHbI CTEII€HU HYJIb.



Joboro npocroro p HaJ [F), Takke Haii1éTca HENIPUBOAMMBIN MHOIOYJIEH JII0OOI cTelle-

HI/I.3

YopakueHue. Kyouueckuii MHOTOYJIeH HaJI [IOJI€M HEITPUBOIUM TOIJIA U TOJBKO TOTIA,
KOI'Jla OH HE UMeeT KOpPHEN.

Teopema. a) st m06bix MHOTOUWIEHOB g # 0, f HAllyTCS TaKWe MHOTOWIEHBI ¢, 7', 9TO
f=9q+rndeg(r) < deg(g).

6) st mobbix 1ByX HeHyJsieBbix MHOTOWIEHOB f, g cymectByer HO/. Eciu h sBisiercs
HO/Iom f u g, To HaiijyTca takue u, v, 9to fu + gv = h.

B) JIt000iT MHOTOUWIEH PACKJIAIBIBAETCS B IPOU3BEJIEHIE HENPUBOIUMBIX, TTPUIEM ITO
pa3JI0zKeHne OJIHO3HAYHO C TOYHOCTHIO JIO TMOPSIJIKA COMHOXKHUTEJIeHl W yMHOMXKEHUsT Ha
HEHYJIEBYIO KOHCTAHTY.

ITnan mokaszareabcTBa. BO3MOXKHOCTS Je/IeHNsT ¢ OCTATKOM (IIyHKT a)) JOKa3bIBAETCsI
CTaHJAPTHOM MPOIIEy POl Je/IeHus YTOJIKOM — OHa paboTaeT HaJl JIIOObIM mojieM. [lajee
C TIOMOIIIBIO JIeJIEHNSI C OCTATKOM BBOJMM aJyiropuT™m EBkiunma. Torma pesynabrar h mnpu-
MeHeHUsT ajropurMma EBKanga K MHOTOUIeHaM f, g siBJsieTcs oOmuM jeautesieMm [ u g,
upuaéM h mesuTcs Ha J000# Apyroit obmuit gennTenab f U ¢, OTKya IOJydaeM, 9TO
h = HOJ(f, g). Amropurm EBkimma Takxke maér HaMm u JjuHeitHOe pasioxkenne HO/la
(myskT 0)). JJokazaresbcTBO MyHKTA B) UCIOJIB3yeT JnHeliHoe pasnoxkenne HO/la u mo
CyTH TOBTOPSIET JIOKA3aTEJIhCTBO OOBITHON OCHOBHOI T€OpeMbI apUPMETUKHI O PA3I0ZKe-
HAW HATYPAJHLHOTO 9HCJIa HA TMPOCThIE MHOXKHUTEJIN.

Yupaxkxueune. HOJI( f, g) onpeiesiéH ¢ TOYHOCTHIO IO YMHOKEHUST Ha HEHYJIEBYIO KOH-
cranTy (T. e. JiOObIe JBa MHOTOUWIEHA, siBjstomuecss HO/Jom, ormaaroTcst yMHOKEHIEM
HA HEHYJIEBYIO KOHCTAHTY ).

B »ToM mcTKe Hac B mepBYIO odepeab OyJdeT MHTEPECOBATH CJAydYail MHOIOYJIEHOB HaJT
moJieM Fp.

Omnpenenenne. Penykiueir MHOrO4IeHa € IeJAbIMUA KOY(MDMUITTEHTAMI 110 MOJIYJIIO IIPO-
CTOI'0 4YHCJIa p Ha3blBaeTCd MHOro4IeH ¢ Koaddunuenramu B [y, mosydennblit 3ameHoi
BceX KO PUIIMEHTOB UCXOTHOIO MHOTOYJIEHA Ha X OCTATKHU II0 MOJYJIIO p. Bymxem o6o-
3HAYATH PELyKIUIO MHOTOWIEHA f 110 MOysio p 1depes [f],.

JlBa cBoOiiCTBa peIyKITUN:

1) deg(f) = deg|f],.
2) [f +9lp = [flp + 1glp; [falp = [flpldlp-

Yrupa>kHeHus.

1) Haiitu Bce HenmpuBOaUMbIe MHOTOYJIEHBI cTerieHn 2 HaJt Fo u Hay Fs.

2) Pas/ioxKuTh Ha HEIPUBOIUMbIC MHOXKHUTeN MHOrouwneH f(x) = 23+ x + 1 ¢ xoacdu-

nueHTamMu B [Fg

3) P =zt + a2 +1 -
) Paznoxxuth Ha HempuBOAMMBbIE MHOXKHUTEN MHOTOWIeH f(x) = 2% 4+ x° + 1 ¢ Koad

durmentamu B .

33neck Fj — 370 0603HAMEHNE TOJIA OCTATKOB TI0 MOJLYJIIO P.



10.

(a) Paccmorpum muorousnen us Fy|x|. Jokaxkure, 9T0 €ro 3HavYeHus BO BCEX TOU-
KaxX paBHbI HYJIIO TOIJA U TOJBKO TOTJA, KOIJla 9TOT MHOIOYJIEH JeJINTCs Ha 1P — .
(b) Pasznoxure ma HempusoguMble MHOKUTeH MHOrOwWreH 2P — 1 € F,[x].

s kKakoro-HUOYIb HATYPaAJILHOTO COCTABHOTO 1M IPUBEJIUTE IIPUMEP HEHYJIEBOTO
MHOT'OWIEHA, HAJL Zy,, YACJIO0 PA3JIUIHBIX KOPHEH KOTOPOro OOJIbIIE ero CTEeIeHM!.

(a) Hokaxkure, 94TO JJIst JIFOOOTO MIPOCTOTO P HAMIETCS HEITPUBOJAUMBIN MHOTOUIEH
naJ ), crenenn 2.

(b) Hdokaxkwure, IT0 /1jis1 JTFOOOTO TIPOCTOTO P U JIOOOr0 HATYypaabHOro N HaiiaéTcs
HEeTIPUBOIUMBIH MHOTOWIeH Haf [, crenenu ne menbime N .

IIycts @ € Fp. Banumunre B 3aMKHYTOM BHJe Kakoi-HuOy b MHOTO4UIEH h € [F)[z],
3HaYeHNe KOTOPOTO B TOYKE a PaBHO 1, & B OCTAJbHBIX TOYKAX — HYJIIO.

(a) Ilycrs p — mpocroe uucio, ex(z1,T2,...,Tp) — k-t CTALTAPTHLI CHMMETPH-
YeCKUl MHOTOYJIEH OT P MEPEMEHHBIX (CyMMa BCEBO3MOYKHBIX MPOU3BEIEHUIA I10
k pazmuunbix muoxkuresei; 1 < k < p). Jokaxkwure, uro npu Beex k # p — 1
er(1,2,...,p) memurcs Ha p.

(b) Hokazkute, uto upu p > 3 cymma 12 + 22 + ... + p? ngemurcs Ha p.

(c) Hoxaxkwure, uto ecsin h(x) — MHOTOWIEH C IEIBIMI KOIDDUIMEHTAME CTEIeHN
He 6osibiie p — 2, o h(1) + h(2) + ...+ h(p) =0 (mod p).

HazoBéM MHOrOWIEH ¢ TeabiMu KOIMMUIMEHTAMI NePeCMano804HbLM TIO MOJLYJIIO
P, €CJIM ero 3HAYeHUsl JIaf0T BCe BO3MOXKHBIE OCTATKU IpH jejenun Ha p. Cyiie-
CTBYeT JiM TlepecTaHOBOYHBI 1o Moyt 101 muorousen cremenu (a) 17;  (b)

100; (c) 107

HamomuuM, 9TO HeHysIeBOil 3jieMeHT ¢ 1o F), Ha3bIBaeTCsl KBaJIPATHIHBIM BbI-
YeTOM 110 MOJIYJIIO HEYETHOTO IIPOCTOro p, ecu Muorowien x2 — a € F,[x] umeer
kopenb. Jlokazkure, 4to a € F), ABiIsleTCs KB IPATUIHBIM BBIYETOM TOTJA U TOJIBKO
TOT I8, KO alP~1/2 =1,

MozkHo Jim pa3ouTh yucaa ot 1 g0 2016 Ha rpynms! 1Mo 7 Tak, YTOOBI CyMMa, YUCe
B KaxKJI0i ceMépke zeanaach Ha 20177

ITycTs p — newérnoe npocroe. IIpo nemnwle uucna ag,az,. .., a, A3BECTHO, YTO a’f +
ak 4+ ...+ a’; JICJIATCS Ha p TpHU JIIOOOM HarypaJsibHOM k. JloKaxkute, 9TO BCE a;
YHCJIa IIOIMAPHO CPABHUMBI 110 MOJIYJIIO P.

Ilodcxasxa. N3 ycmoBust cieyet, 9To Jjis Jitoboro MHOrodwieHa f(x) ¢ 1esabivMu

koacbdummenramu sepro f(ay) + f(a2) + ...+ f(ap) : p.

BoopykuBmiuchk Teopueii mpo MHOIOYJIEHBI HaJ IIOJISIMU, JopemmaiiTe 3agady 10 u3
JIMCTOYKA TIPO TOJIS.



