
Çàíÿòèå 7. 09.03.16 Äèîôàíòîâû óðàâíåíèÿ. Òåîðèÿ.

1. Ðåøåíèå óðàâíåíèÿ ñ 0 â ïðàâîé ÷àñòè.

Õîòèì íàéòè âñå öåëî÷èñëåííûå ðåøåíèÿ óðàâíåíèÿ ax + by = 0, ãäå a, b � öåëûå ÷èñëà, îáà
íå ðàâíûå íóëþ.
Ïóñòü d = ÍÎÄ(a, b). Òîãäà a = a1 · d, b = b1 · d è ÷èñëà a1 è b1 âçàèìíî ïðîñòû. Ïîäñòàâèì

âûðàæåíèÿ äëÿ a è b â óðàâíåíèå:

a1dx+ b1dy = 0. Äåëèì îáå ÷àñòè íà d 6= 0. Ó ïîëó÷åííîãî óðàâíåíèÿ óæå âçàèìíî ïðîñòûå

êîýôôèöèåíòû. Áîëåå òîãî, íîâîå óðàâíåíèå è ñòàðîå èìåþò îäèíàêîâûé

íàáîð ðåøåíèé!

a1x+ b1y = 0. Ïåðåíîñèì b1y â ïðàâóþ ÷àñòü.

a1x = −b1y. Ïðàâàÿ ÷àñòü− b1y äåëèòñÿ íà a1, íî a1 è b1 âçàèìíî ïðîñòû, ïîýòîìó

y äåëèòñÿ íà a1. Ïî îïðåäåëåíèþ äåëèìîñòè, íàéäåòñÿ òàêîå öåëîå t, ÷òî

y = a1t. Ïîäñòàâëÿåì ýòî âûðàæåíèå äëÿ y â óðàâíåíèå.

a1x = −b1a1t. Ñîêðàùàåì íà a1 6= 0.

x = −b1t. Îêîí÷àòåëüíî, âñå ðåøåíèÿ íàøåãî èñõîäíîãî óðàâíåíèÿ ax+ by = 0

èìåþò âèä (x, y) = (−b1t, a1t). Çäåñü t � ëþáîå öåëîå ÷èñëî.

Ïðèìåð. Ðåøèòü óðàâíåíèå 2016x+ 1514y = 0

2016x+ 1514y = 0. ÍÎÄ(2016,1514)=2.

2 · 1008x+ 2 · 757y = 0. Ñîêðàùàåì íà 2.

1008x+ 757y = 0. Ïåðåíîñèì îäíî èç ñëàãàåìûõ â ïðàâóþ ÷àñòü

1008x = −757y. ×èñëà 1008 è 757 âçàèìíî ïðîñòû, ïîýòîìó y = 1008t äëÿ íåêîòîðîãî

öåëîãî t. Ïîäñòàâèì ýòî y.

1008x = −1008 · 757t. Ñîêðàùàåì íà 1008. Ïîëó÷àåì îòâåò:

(x, y) = (−757t, 1008t) äëÿ ïðîèçâîëüíîãî öåëîãî ÷èñëà t.

Çàäà÷à 1. Ðåøèòü óðàâíåíèÿ 1) x− y = 0; 2) 5x− 3y = 0; 3) 15x+ 9y = 0.

2. Íàõîäèì ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ.

Ðàíåå áûëà ñôîðìóëèðîâàíà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü a è b � öåëûå ÷èñëà, d = ÍÎÄ(a, b). Òîãäà ñóùåñòâóþò òàêèå öåëûå ÷èñëà

u, v, ÷òî au+ bv = d.
Êàê íàéòè ýòè öåëûå ÷èñëà u è v, åñëè íàì äàíû êîíêðåòíûå çíà÷åíèÿ ÷èñåë a è b? Âñïîìíèì

àëãîðèòì Åâêëèäà. Íà êàæäîì øàãó àëãîðèòìà çàïèøåì åùå è âûðàæåíèå äëÿ îñòàòêà íà ýòîì
øàãå.

a = bq1 + r1 r1 = a− bq1

b = r1q2 + r2 r2 = b− r1q2

r1 = r2q3 + r3 r3 = r1 − r2q3

. . . . . .

rn−4 = rn−3qn−2 + rn−2 rn−2 = rn−4 − rn−3qn−2

rn−3 = rn−2qn−1 + rn−1 rn−1 = rn−3 − rn−2qn−1

rn−2 = rn−1qn + d d = rn−2 − rn−1qn

rn−1 = dqn

Îñòàëîñü âûðàçèòü d = ÍÎÄ(a, b) ÷åðåç ÷èñëà a è b. Äëÿ ýòîãî ðàññìîòðèì ïðàâóþ êîëîíêó
ðàâåíñòâ. Íóæíî ïîäñòàâèòü â ïîñëåäíþþ ñòðîêó

d = rn−2 − rn−1qn



âûðàæåíèå äëÿ rn−1 èç ïðåäïîñëåäíåé ñòðîêè è ïðèâåñòè ïîäîáíûå ñëàãàåìûå:

d = rn−2 − rn−1qn = rn−2 − (rn−3 − rn−2qn−1)qn = rn−2(1 + qn−1qn)− rn−3qn.

Ïîëó÷àåì âûðàæåíèå d ÷åðåç rn−2 è rn−3. Äàëåå â ýòî âûðàæåíèå íóæíî ïîäñòàâèòü rn−2 èç
òðåòüåé ñíèçó ñòðîêè è ïðèâåñòè ïîäîáíûå ñëàãàåìûå.

d = rn−2(1 + qn−1qn)− rn−3qn = (rn−4 − rn−3qn−2)(1 + qn−1qn)− rn−3qn

= rn−4(1 + qn−1qn)− rn−3(qn−2 + qn−2qn−1qn + qn).

Ïîëó÷àåì âûðàæåíèå d ÷åðåç rn−3 è rn−4. Ïðîäîëæàÿ ïîäñòàâëÿòü âûðàæåíèÿ äëÿ îñòàòêîâ, ìû
ïîäíèìàåìñÿ ïî ñòðîêàì ïðàâîé êîëîíêè è â êîíöå êîíöîâ ïîëó÷àåì âûðàæåíèå d ÷åðåç a è b.
Ïðèìåð. Íàéòè ëèíåéíîå ðàçëîæåíèå ÍÎÄ(2016,1514).

2016 = 1514 · 1 + 502 502 = 2016− 1514 · 1
1514 = 502 · 3 + 8 8 = 1514− 502 · 3
502 = 8 · 62 + 6 6 = 502− 8 · 62

8 = 6 · 1 + 2 2 = 8− 6 · 1
6 = 2 · 3

Ïîñëåäîâàòåëüíî ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ îñòàòêîâ è ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, ïîëó-
÷àåì öåïî÷êó ðàâåíñòâ:

2 = 8− 6 = 8− (502− 8 · 62) = 8 · 63− 502 = (1514− 502 · 3) · 63− 502 =

= 1514 · 63− 502 · 190 = 1514 · 63− (2016− 1514) · 190 = 2016 · (−190) + 1514 · 253
Òàêèì îáðàçîì, ÷èñëà u è v èç òåîðåìû íàéäåíû: u = −190, v = 253.
Çàäà÷à 2. Íàéòè ëèíåéíîå ïðåäñòàâëåíèå 1) ÍÎÄ(7, 5); 2) ÍÎÄ(97, 20).

3. Ïîèñê îäíîãî ðåøåíèÿ óðàâíåíèÿ ax+ by = c.

Ïóñòü ó íàñ åñòü óðàâíåíèå ax + by = c. Êàê íàéòè ðåøåíèå ýòîãî óðàâíåíèÿ? Â îäíîì èç
ïðîøëûõ ëèñòèêîâ áûëà äîêàçàíà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü a, b � öåëûå ÷èñëà, d = ÍÎÄ(a, b). Óðàâíåíèå ax + by = c èìååò ðåøåíèå â

öåëûõ ÷èñëàõ òîãäà è òîëüêî òîãäà, êîãäà c äåëèòñÿ íà d.
Ìû óæå íàøëè d, ïîýòîìó ïðîâåðèì, äåëèòñÿ ëè c íà d. Åñëè c íå äåëèòñÿ íà d, òî ðåøåíèé ó

óðàâíåíèÿ íåò. Åñëè äåëèòñÿ, òî ìîæíî çàïèñàòü c êàê c = c1d, ãäå c1 6= 0 � öåëîå ÷èñëî.
Â ïîèñêå ðåøåíèÿ íàì ïîìîæåò ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ(a, b) èç ïðåäûäóùåãî ïóíêòà.

Ìû íàó÷èëèñü íàõîäèòü òàêèå öåëûå ÷èñëàu, v, ÷òî

au+ bv = d.

Óìíîæèì îáå ÷àñòè ýòîãî ðàâåíñòâà íà c1.

auc1 + bvc1 = dc1.

Çàìåòèì, ÷òî ñïðàâà ïîëó÷èëîñü ÷èñëî c, à ÷èñëà uc1 è vc1 � öåëûå. Íàøå ðàâåíñòâî ïðèîáðåëî
ñëåäóþùèé âèä:

a · (uc1) + b · (vc1) = c.

Îñòàëîñü çàìåòèòü, ÷òî ÷èñëà uc1 è vc1 è åñòü ðåøåíèÿ íàøåãî óðàâíåíèÿ ax + by = c! Âåäü
ïðè ïîäñòàíîâêå ýòèõ ÷èñåë â óðàâíåíèå, ìû ïîëó÷àåì âåðíîå ðàâåíñòâî � ìû òîëüêî ÷òî ýòî
äîêàçàëè.
Ïðèìåð. Íàéòè ðåøåíèå óðàâíåíèÿ 2016x+ 1514y = 8.
Â ïðåäûäóùåì ïðèìåðå ìû íàøëè ëèíåéíîå ðàçëîæåíèå ÍÎÄ(2016,1514):

2016 · (−190) + 1514 · (253) = 2.

Óìíîæèì îáå ÷àñòè ðàâåíñòâà íà 4:

2016 · (−760) + 1514 · (1012) = 8.

Ïîëó÷àåì, ÷òî (x, y) = (−760, 1012) � ðåøåíèå íàøåãî óðàâíåíèÿ.
Çàäà÷à 3. Íàéòè ðåøåíèå óðàâíåíèÿ 1) 7x+ 5y = −3; 2) 97x− 20y = 2.



4. Ïîèñê âñåõ ðåøåíèé óðàâíåíèÿ ax+ by = c.

Â ñëó÷àå, åñëè c äåëèòñÿ íà d = ÍÎÄ(a, b), ìû íàó÷èëèñü íàõîäèòü îäíî ðåøåíèå. Åñòü ëè åùå
ðåøåíèÿ?
Ïðèìåð. Ïîñìîòðèì íà óðàâíåíèå x + 2y = 1. Âèäíî, ÷òî ðåøåíèé â öåëûõ ÷èñëàõ ó íåãî

íå îäíî: ïîäõîäÿò ïàðû (−1, 1), (1; 0), (3,−1). È âîîáùå, äëÿ ëþáîãî íå÷åòíîãî x íåñëîæíî íàéòè
ïîäõîäÿùåå y, ÷òîáû óðàâíåíèå áûëî âûïîëíåíî.
Ýòî íàòàëêèâàåò íà ñëåäóþùåå ðàññóæäåíèå. Ïóñòü (x0, y0) � ðåøåíèå, êîòîðîå ìû íàøëè,

ïîëüçóÿñü ëèíåéíûì ðàçëîæåíèåì ÍÎÄ(a, b). À (x1, y1) � ëþáîå äðóãîå ðåøåíèå. Òîãäà âûïîë-
íåíî äâà ðàâåíñòâà:

ax0 + by0 = c,

ax1 + by1 = c.

Âû÷òåì âòîðîå ðàâåíñòâî èç ïåðâîãî, ïîëó÷èì ðàâåíñòâî:

a(x0 − x1) + b(y0 − y1) = 0.

Ýòî � óðàâíåíèå ñ íóëåì â ïðàâîé ÷àñòè, ìû íàó÷èëèñü ðåøàòü òàêèå â ïóíêòå 1! Ïåðåíîñèì
îäíî ñëàãàåìîå â ïðàâóþ ÷àñòü:

a(x0 − x1) = −b(y0 − y1).

Åñëè a = a1d, b = b1d, òî ñîêðàòèì ýòî ðàâåíñòâî íà d = ÍÎÄ(a, b):

a1(x0 − x1) = −b1(y0 − y1).

×èñëà a1 è b1 âçàèìíî ïðîñòû, ïîýòîìó y0 − y1 äåëèòñÿ íà a1. Èíûìè ñëîâàìè, ñóùåñòâóåò
òàêîå öåëîå t, ÷òî y0 − y1 = a1t, ò.å.

a1(x0 − x1) = −b1a1t.
Ïîëó÷àåì, ÷òî x0 − x1 = −b1t. Ìû äîêàçàëè, ÷òî åñëè (x1, y1) � íåêîòîðîå ðåøåíèå óðàâíåíèÿ

ax+by = c, òî x1 = x0+b1t, y1 = y0−a1t äëÿ íåêîòîðîãî öåëîãî ÷èñëà t. Îñòàåòñÿ çàìåòèòü, ÷òî âñå
ïàðû öåëûõ ÷èñåë âèäà (x0+b1t, y0−a1t) ÿâëÿþòñÿ ðåøåíèÿìè íàøåãî óðàâíåíèÿ. Äåéñòâèòåëüíî,

a(x0 + b1t) + b(y0 − a1t) = (ðàñêðûâàåì ñêîáêè)

= ax0 + ab1t+ by0 − ba1t = (ïîäñòàâëÿåì a = a1d, b = b1d)

= ax0 + a1db1t+ by0 − b1da1t = (ñîêðàùàåì ñëàãàåìîå a1b1dt)

= ax0 + by0 = c.

Ïðèìåð. Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ 2016x+ 1514y = 8.
Îáîçíà÷èì ÷åðåç (x0, y0) óæå íàéäåííîå íàìè ðåøåíèå (−760, 1012).

2016x0 + 1514y0 = 8,

2016x1 + 1514y1 = 8.

Âû÷èòàåì îäíî èç äðóãîãî, ïåðåíîñèì îäíî èç ñëàãàåìûõ â ïðàâóþ ÷àñòü.

2016(x0 − x1) + 1514(y0 − y1) = 0,

2016(x0 − x1) = −1514(y0 − y1).

Äåëèì îáå ÷àñòè ïîñëåäíåãî ðàâåíñòâà íà 2 = ÍÎÄ(a, b).

1008(x0 − x1) = −757(y0 − y1).

Ïîëó÷àåì, ÷òî x0 − x1 = −757t, y0 − y1 = 1008t. Îòêóäà x1 = x0 + 757t, y1 = y0 − 1008t.
Îêîí÷àòåëüíî, ðåøåíèÿ óðàâíåíèÿ èìåþò âèä (x, y) = (−760 + 757t, 1012− 1008t).
Çàäà÷à 4. Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ 1) 7x+ 5y = −3; 2) 97x− 20y = 2.
Çàäà÷à 5. Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ 1) 23x+ 49y = 2; 2) 48x+ 57y = 19.

5. Äîìàøíåå çàäàíèå.

Çàäà÷à 1. Íàéòè âñå ðåøåíèÿ óðàâíåíèÿ

(1) 889x+ 140y = 21
(2) 15x+ 84y = 39
(3) 625x+ 135y = 5.


